Simpson's 3/8 Rule for Numerical Integration

5. Simpson's 3/8 Rule for Numerical I ntegration

The numerical integration technique known as " Simpson's 3/8 rule" is credited to the mathematician
Thomas Simpson (1710-1761) of Leicestershire, England. His also worked in the areas of numerical
interpolation and probability theory.

Theorem (Simpson's3/8 Rule) Consider - £ (x) OVEr [, x:] . Whel€ x; —xy+h, %3 =%, + 21,
and =, ==, +3k. SiImpson's3/8ruleis

2h
SE (£, h) = e (€ (o) + 3C(X1) + 3C (X0 + £ (H2)) .

Thisis an numerical approximation to theintegral of £ (x1 over [, =] and we havethe expression

rg £ (%) dx « SE (£, h)
=i

3
The remainder term for Simpson's 3/8 ruleis Rsg (£, h) = = £* (o) b, where ¢ lies somewhere
between x, and %, , and have the equality

g 3h 3 i 5
J () dx = ? (E () + 3E (1) + 3E (20 + £ (%300 - E f (c1 ht
)

Composite Simpson's 3/8 Rule

Our next method of finding the area under acurve ¢ = £ (%) 1S by approximating that curve with a
series of cubic segments that lie above theintervals | [x;_1. %, ]t . When several cubics are used, we
call it the composite Simpson's 3/8 rule.

Theorem (Composite Simpson's 3/8 Rule) Consider ¥ = £ (x1 over [a h] . Suppose that the interval
. .. . . . b - .
[a, b] issubdivided into 3w subintervals i [x; 1 =1 Of equal width h = T: by using the

equally spaced ssmplepoints x;, = %, + kh for x=0,1,2 .., 3w. ThecompositeSimpson's3/8
rulefor 3w subintervals is

3h M
AC (£, h) = e Z (E (Xa3_2) + 3L (Mg p) +3 L8 (Xapen) +L [Xay))
k-1

Isan numerical approximation to the integral, and

be () d=x = 3C L, h) + Egr (£ k).
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Furthermore, if £ (x) e C*[a b], thenthereexistsavaue ¢ with a < c < b S0 that the error term
E:r (£, b1 hastheform

(b - a) £% (c) ot

Ege (£, h) = - =0

Thisis expressed using the "big @" notation Esp (£, by = o (L) .

1 :
When the step size is reduced by afactor of Z the remainder term Eg: (£, by should be
4

reduced by approximately [é) - 0.0625.

Example 1. Letf[x] be F(z +Cos[zvx ) dx.
]

1 (a) Numerically approximate the integral by using Simpson's 3/8 rulewithm=1, 2, 4.
1 (b) Find the analytic value of theintegral (i.e. find the "true value").

1 (c) Find the error for the Simpson' 3/8 rule approximations.

Solution 1.
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Example 1. Let f[ x] be I2(2+Ens[2 Wx])dx.
1]

1 (a) Numerically approximate the integral by using Simpson's 3/8 rulewithm=1, 2, 4.
1 (b) Find the analytic value of the integral (i.e. find the "true value").

1 (c) Find the error for the Simpson' 3/8 rule approximations.

Solution 1 (a).

H
o.g5 0.5 o.7s 1 1.5 1.5 1.75 Z

£[x] = 2+Cos[2vx |

We will use simulated hand computations for the solution.

f[x ]1=2+Cos[2+x]:

20

2 4
51 = 33 (f[l]] +3 f[;] +3 f[;] +f[2]]

HumberForm[H[=s1], 12]

% [5+3 [2+Cns[2£]] +Coz[24Z ] +3 [2+Cus’%]]]

3. 46059595095

20

= 1 2 1 5
: (f[l]] +3 f[?] +3 f[;] +2E[1] + 3 f[;] +3 f[;] + f[E]]
HumberForm[H[s2] , 12]

% [5+z (Z+C0s[2]) + 3 [2+CDS[2EI]+3 [2+Cns[2\/§]] +Cosz 2] +3 [2+Cns[%]] +3 [2+Cus’%]]]

3. 46003533318

852 =
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32-0

= 1 1 1 2 5 7 4 3 5 11
g4 = ;2 (f[l]]+3f[E]+3f[;]+2f[E]+3f[E]+3f[E]+2f[1]+3f[E]+3f[;]+2f[z]+3f[§]+3f[?]+f[2]]

HumherForm[H[s4], 12]

% [5+2 (2 +C03[2]) + 3 [2+ED5’EI]+3 [zu:-:.s[z\/g]] +3 [2+EDS’2\/§I]+2 (2+cos[¥2])
Cos[z2]+3 [2+CDS[%]] +3 [2+cns[%]]+3 [2+CDS’\/T?D]] +3 [2+CDS[E]]+2 (2+Cos[v6])+3 [2+cus[\/§]]]

3.46000003113

Solution 1 (b).

Theintegral of f[x] =2+ Cos|z «J'?] can be determined.

I[2+Cus[2 ~x])ax
2:-:+%C-:ns[2'\'q] +'\"?Sin[2"1"';]

The value of the definite integral

val = f[z +Cos[24/x]) ax

71

—_— - — Ens[2ﬁ1+ﬁﬁin[2ﬁ]
2 2

H[val]
3. 46

HumberForm[H[val] ; 17]
3.459997572170804

Solution 1 (c).

val - t16
- 0. 000002358959196
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