Riemann Sums, Midpoint Rule and Trapezoidal

1. Riemann Sums, Midpoint Rule and Trapezoidal Rule

Definition. Definite Integral asaLimit of a Riemann Sum. Let g[x] becontinuous over the

interval [a, b,
andlet P: a=xy <% <x;=... <%,=h beapartition, then the definite integral is given by

ia}
J‘f (%) dx = lim Zf[t},]ﬂ:-:k,

k=1

where r, e [x._;, %] andthe mesh size of the partition goes to zero in the "limit," i.e.

My =0 a8 n— .
. . 1 . .
The midpoint rule uses ty = = (¥p_1 +¥x) inthe definition.

Improvements can be made in two directions, the midpoint rule evaluates the function at ¢, , whichis

. . . . 1 . .
the midpoint of the subinterval [x,, xy,11,1.€ tx = < (Xx_1 +Xx) INthe Riemann sum.

MidPointRule[ald , b0 , nld ] :=
l-Indule[{a: al, b=hi, c, &, k, n=nl, X},
h-a

- r

n

1
c:k_=a+[k—E]E{:

Return[ > flc.]4X ] ]:
k=1

The Trapezoidal Ruleisthe average of the left Riemann sum and the right Riemann sum.

TrapezoidalBule[al , b0 . nl ]:=
Hudule[{a: al, b=ho, &, Kk, n=n0, X},

h-a
AX = H
n
}Ck_=a+kﬂ:
I
Return[ Z[f[ka];f[xk] ]u{] ]:
k=

Examplel. Let f[x] =" over [0, 1].
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Riemann Sums, Midpoint Rule and Trapezoidal

1 (a) Find the formulafor the left Riemann sum using n subintervals,
1 (b) Find the limit of the left Riemann sum in part (a).
Solution 1.

Example2. Let f[x] =x" over [o, 1].

2 (a) Find the formulafor the right Riemann sum using n subintervals.
2 (b) Find the limit of the right Riemann sum in part (a).

Solution 2.

Example3. Let f[x] =x" over [0, 1].

3 (a) Find the formulafor the midpoint rule sum using n subintervals.
3 (b) Find the limit of the midpoint rule sum in part (a).

Solution 3.

Example4. Let £[x] =x* over [0, 1].

4 (a) Find the formulafor the trapezoidal rule sum using n subintervals.
4 (b) Find the limit of the trapezoidal rule sumin part (a).

Solution 4.

Example5. Let £[x] =x* over [0, 1]. Comparethe left Riemann sum, right Riemann sum,
midpoint rule and trapezoidal rule for n = 100 subintervals. Compare them with the analytic solution.
Solution 5.
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Riemann Sums, Midpoint Rule and Trapezoidal Rule

Examplel. Let f£[x] =x* over [0, 1].
1 (a) Find the formulafor the left Riemann sum using n subintervals,
1 (b) Find the limit of the left Riemann sum in part (a).

Solution 1 (a).
Find the formulafor the left Riemann sum using n subintervals.

£[=] = xt  owver [0,1] using n subinterwvals.
-1+k

hn
The Left Biemann 5Sum is:

-1l =

n n (-l+k)f 1
ZE[Mpaldn = B —— —
k=1 k=1 I n
n n [-1+k)¢
Z Blagaldx = Z———
k=1 k=1 I

T 1l = s
ZE[Mpalin = — Z (-1+k)
k=1 n* k=1

T s l
T=ze Fact 2: Z[}:—lj == E (-l+nini-1+2n
k=l

F £ [xpe1] Ax
k=1

(% (-l+mini-1+2n1)7m

i-l+mn) (-1+z2mn)

A nk

3 £ [spe1] Ax
k=1

Solution 1 (b).
Find the limit of the left Riemann sum in part (a).
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Riemann Sums, Midpoint Rule and Trapezoidal Rule

1

f[x] = ®x° awver [0,1].
The limit of the Left Riemann Sums is:

lim ¥ £[xpy]dx = lim (% (-l+nini-1+2n1)/mA

= k=l T

] T ] (-l+n) (-1+21n)
lim = E[xyp_1]dx lim
T kol Tey=s A i

 l-3n+znt
lim

Ty A nt

lim 3 F[xg_1]Ax
T ol

lim ¥ £ [ 1]hx

T k=l
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Riemann Sums, Midpoint Rule and Trapezoidal Rule

Example2. Let £[x] =x* over [0, 1].
2 (a) Find the formulafor the right Riemann sum using n subintervals.
2 (b) Find the limit of the right Riemann sum in part (a).

Solution 2 (a).
Find the formulafor the right Riemann sum using n subintervals.

£[=] = xt  owver [0,1] using n subinterwvals.
-1+k

n
The Eight Riemant 3um is:

-1l =

n n kY1
TElmlix = T — =
k=1 k=1 i n
T n ]-:j2
2 B[]l = E—j
k=1 k=11
T 1l = ;
= E[xgldx = — F kK
k=1 n? k-1

T " l
Use Fact Z: Z}: == —ni(l+n) (l+2Zn)
k=1 &

Ef[:-:ﬂﬂ:{: Ein(l+nj I:l+2n:|jf|:n3:|
k=1 7]
Ef[:{k]ﬂ]{ ) (L+n) (1+2n)
k=1 & né
Solution 2 (b).

Find the limit of the right Riemann sum in part (a).
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Riemann Sums, Midpoint Rule and Trapezoidal Rule

1

f[x] = ®x° awver [0,1].
The limit of the Bight Biemann 3ums is:

lim Ef[:-:k_l]ﬂ:-: = lim [in[l+nj [l+2njjf[n3]
Tiree &

T k=l

] by ] (l+n) (1+21n)
lim = £[xplix = 11
L T | T G ni
. m . l+3n+2nt
lim X f£[xx]dx = lim
P e T B né
1

lim 3 F [ ] Ax

T k=l

Pl
The area under the curve v = %~ is —
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Riemann Sums, Midpoint Rule and Trapezoidal Rule

Example3. Let f£[x] =x* over [0, 1].
3 (a) Find the formulafor the midpoint rule sum using n subintervals.
3 (b) Find the limit of the midpoint rule sum in part (a).

Solution 3 (a).
Find the formulafor the midpoint rule sum using n subintervals.

£[=] = xt  owver [0,1] using n subinterwvals.

E
Ty = £
n
The Midpoint BFule is=:
T i |{£ +]{]|E l
TEltlax = F——— =
k=1 k=1 I n
. S +}:]|E
T Eltlax = T ——
k=1 k=1 I
n (-1+2n) (L+2mn)
Fty ] =
]-:E—_:L (] 12 ni?
Solution 3 (b).
Find the limit of the midpoint rule sum in part (a).
1
0.4
o6&
0.4
oz

£lx] = x° ower [0,1].
The limit of the Midpoint Bule is=:

_ n _ (-l+2n) (1+2n)
lim = f£[x¥pldx = lim
L P T 12 nt
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Riemann Sums, Midpoint Rule and Trapezoidal Rule

. n ] “l+4ant
lim = £[x¥pléx = 1lim ———
T ol T lznt

1

lim 3 £ [xg]Ax
== k=1

£ 1
The area under the curve ¥ = ¥~ 1z —
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Riemann Sums, Midpoint Rule and Trapezoidal Rule

Example4. Let f[x] =x* over [0, 1].
4 (a) Find the formulafor the trapezoidal rule sum using n subintervals.
4 (b) Find the limit of the trapezoidal rule sumin part (a).

Solution 4 (a).
Find the formulafor the trapezoidal rule sum using n subintervals.

xt  owver [0,1] using n subinterwvals.

The Trape=zoidal Bule is:

3 3
-l-m(f[xk]+f[:-:k+l] o qlf-li [}:_+ (1+k) ]i
k=i z k=t 2 | n ni n
e E[0 ] 5 £ Bt ] Mk_hﬁ
= o k k
ol ki i LY U n
k=i 2 k=i 2n
k3
—Jﬁ-n(f[}:k]+f[:-:k+l] Sy —Jgnl+2}{+2k
k=i 2 =i 2n?
-E-n(f[:-:k]+f[:-:k+l] i - 1+2n
k=i 2 G né
Solution 4 (b).
Find the limit of the trapezoidal rule sum in part (a).
1
o_g
o_6
0.3
o_z

f[x] = ®x° awver [0,1].
The limit of the Trapezoidal Bule is:
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Riemann Sums, Midpoint Rule and Trapezoidal Rule

. n ] 1+2nt
lim > £[¥p]éx = lim — ——
T ol T A nt

1

lim 3 £ [xg]Ax
== k=1

£ 1
The area under the curve ¥ = ¥~ 1z —
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Riemann Sums, Midpoint Rule and Trapezoidal Rule

Example5. Let f[x] ==* over [0, 1]. Comparetheleft Riemann sum, right Riemann sum, midpoint rule
and trapezoidal rule for n = 100 subintervals. Compare them with the analytic solution.

Solution 5.

f[x] = x'  ower [0,1] using 100 subinterwals.

0.z 0.3 .5 0.3 1

The Left Riemarm 2um is:

J:%mf[ ] 6367 0.32835
M = = 0.

g et 20000
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Riemann Sums, Midpoint Rule and Trapezoidal Rule

1

The FEight Riemann Jum is:

b lix = 00 L 033835
o = — = .
i 20000
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Riemann Sums, Midpoint Rule and Trapezoidal Rule

1

The Midpoint Bule is:
13333

40000

0.333325

19
= E[Hyldx =
k=i
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Riemann Sums, Midpoint Rule and Trapezoidal Rule

1 -
0.8 |
0.6 |
0.4 |
0.z |
0.z 0.4 0.6 0.8
The Trapezoidal Rule i=s:
Ef[ ] o 5667 0.33335
x = = .
e 20000
Asaresult,
B5e7
Left Fiemann Sum = = 0.32835
Zoaoo
. ] B76R7
Fight Fiemann Sum = = 0.33835
20000
BEaT
"Average” of Riemann Jums = = 0.33335
Zoaoo
] ] 13333
Midpoint Bule = = [0,333325
40000
BEaT
Trapezoidal Fule = = 0.33335
Zoaoo
1
Analvytic Value = 5- = 0.,3333333333333333

Cbserwe that the Trapezoidal Fule iz the "Awverage”™ of Riemann Sums.
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