The Midpoint Rule

2. The Midpoint Rulefor Numerical Integration

Theorem (Midpoint Rule) Consider = £ (x) over [x;, x1],Where x; =x, + h. Themidpoint rule
IS

P (£, h) = hE [x+ E] .
2
Thisisan numerical approximation to theintegral of £ rx) over [x,, x;] and we have the expression

=1
J £ (x)dx = MP(f, h)
=0

. . . . l [N} .
The remainder term for the midpoint ruleis Fup (£, ) = ~a £ (c)h’, where ¢ lies somewhere

between =, and x; , and have the equality

] h l N 1
J f[x]ﬂx:hf(xu+—)+—f (c1 k'
» ? 24

Composite Midpoint Rule

An intuitive method of finding the area under acurvey = f(x) is by approximating that areawith a
series of rectangles that lie abovetheintervals 1 [x, 1, =11, - When several rectangles are used, we
call it the composite midpoint rule.

Theorem (Composite Midpoint Rule) Consider = £ (x) over [a, h] . Supposethat the interval

b -
[a, b] issubdividedinto m subintervals 1 [xy_, %114, Of equal width k= by using the

1 .
equally spaced nodes cy = a + [k- E] h for x=1, 2z, ..., n. Thecompositemidpoint rulefor m

subintervalsis
M(f, h) = b £ (o),
k=1
Thisis an numerical approximation to theintegral of £ (x) over [a, h] and wewrite

be (%) dx = M (£, h).

Remainder term for the Composite Midpoit Rule
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The Midpoint Rule

Corollary (Midpoint Rule: Remainder term) Supposethat [z, k] issubdivided

. . . b - ) . .
into m subintervals § [xy_1, xx]ln,y Of width h= : The composite midpoint rule

m

m

M(f, h) =h o £ (a+(}:-i]h)
k=1 2
IS an numerical approximation to the integral, and
o]
J £fixidx = M(f, h) + Ey (£, h) .

Furthermore, if £ (% e ¢*[a, b], thenthereexistsavalue ¢ with a<c<b sothat the error term
Ey (£, by hastheform

(- (@
24

Eg (£, h) =
Thisisexpressed using the "big 0" notation Ey (£, k) = @ (ki) .

. 1
When the step size is reduced by afactor of Z the error term Ey (£, k) Should be reduced

. 1,k
by approximately (E] - 0.25.

Example 1. Consider the integral r (2+Cos[zvx]) dx.
0

1 (a) Numerically approximate the integral by using the midpoint rulewith m=1, 2, 4, 8, and
16 subintervals.

1 (b) Find the analytic value of the integral (i.e. find the "true value").

Solution 1.
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The Midpoint Rule

Example 1. Consider theintegral r (2+Cos2vx])ax.
]

1 (a) Numerically approximate the integral by using the midpoint rule with m=1, 2, 4, 8, and 16 subintervals.
1 (b) Find the analytic value of theintegral (i.e. find the "true value").
Solution 1 (a).

A
O.g5 0.5 0,75 1 1,25 1.5 1.75 Z

£lx] = 2+Cos[2vx |
We will use simulated hand computations for the solution.
f[x 1=2+Cos[2+x]:

m- 222 e
—

H[ml1]
2 (2+Cas[2])
3.16771

2= (1051 4151)
H[m?]
4+ Coa[¥2]+Coa[vE ]

3.3538604

m- 22 (e[ el ] £l] £ ])
H[md]
% (8+Cos[1] +Cos[¥3 | + Cos[¥5 |+ Coz[+7])

3.44145
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The Midpoint Rule

mo= 222 (e[<]w e[l e[o ]+ 2[5 ] e[+ [ ]+ [ ]+ [ ])

H[m#]

[lsms[(]ms[_]was +.:Ds[(]+.:as[(]+.:Ds[\/7]+.:as[\/7]+cas[\/7]]

e B S B S R E PP R ES R S B

e P ) B ) P i I e P ) I ) P ey P e )
H[mlﬁ]

1 1 3 5 3 343 3
E [32+CDS[E]+CDS[E]+CDS’E] +CDS[T] +I2|:|s[ ]+CDS[T] +

cos[ 7] ecos[ ] s oa[ 22 | cos[ Y22 ] s cos[ 27 | cos [ Y22 ] os [ Y21

3.45354

L] cos L2 ] cos 12

31
| voos| 2L ]]
Solution 1 (b).

- J:[2+Cus[2 +fx]) ax
%+% Cus[zﬁ]+ﬁ51n[2ﬁ]

H[val]
3. 46

HumberForm[H[val]l , 12]
3.45999757217
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