Numerical Differentiation Formula

3. Derivation of Numerical Differentiation Formulae

The traditional "pencil and paper" derivations for numerical differentiation formulasfor £'[=x,] and £''[x,] aredone
independently asif there was no connection among the derivations. This new approach gives a parallel development of the
formulas. It requires the solution of a"linear system" that includes symbolic quantities as coefficients and constants. The power of a
computer algebra system such as Mathematica is used to elegantly solve the linear systemfor £'[x,] and £''[x,] .

The Three Point Central Difference Formulas

Using three points £[x, - k] , £[®,] ,» ad £[x, + h] we give aparalel development of the numerical differentiation formulas for
£'[x,] and £ [x,] . Start with the Taylor seriesfor £[x, + h] expanded in powersof 1. Termsmust be included so that the
remainder termisincluded. Using degree rn = 4 will suffice.

1 1 1
Elxg+h] = E[xg]+ E[xglh+ — £ [x] B+ = £ [yl bF + — £ [y 1wt 0(h)®
z & 24
The accuracy for the Taylor polynomial is o[h]®.
£ . - Loy in N e
[xg+h] » E[xg] +hE [Xo] + Eh E %] + Eh £ ] + ﬂh £5%8 3041

Construct two "equations' by setting the series equal to the functionat x = x; +h.
Elxe] —hE[xe] + % hf £ [xy] - % h® £ [:4] + i ht £ [xy] == £[-h + 3y ]
Elxg] +h £ xg] + % h® £ [x4] + % b £0%0 (2] + i ht £0%[x,] == £[h +x,]

We have two equationsin the two unknown £ ' [x,] and £''[x,],andal theother quantitiesh, £[x,-h], £[xa], £[%s +h],
£ %, 1 and £%[x,] areconsidered as constants.

Solve the ecuations

E[xa] —hE[xa] + % b £ [%a] - %h? £ [xy] + ﬁ bt £5% [y ] == £[-h + 2]

f[xu] +hfr[:{l,'l] * % hi f”[}'{g] * %hg f(g:l [Hﬂ] + i hli fl:*:l[:’:lil] == f[h+:’:l]]
Get
fr[xu] - - PE[ by ] -2 f[]_-.+3.c|:|]+1-|3 fl:g:l[xﬂ]

Eh

_ E41[mg] -1E # [-bag 112 [haoeg]+b® £ 080 [ )
liki

B [®a] =

Theresult is not too easy to read, so we can use manipulate the formula.

-f[-h+x Eh+x 1
[-h+xg] + E[h+xg] I o T
Zh a

-2 f[x fl-h+x fh+= 1
(o] +E[-h+xy] + E[h + I:l]__hif(-i)[xﬂ]_'_”.
ht 1z

£ [x]

£ [xa]

Thus, we have derived the numerical differentiation formulafor £'[x,] and £''[x,] andthefirst termin the seriesexpansion
for the remainder which involves, £¢*'[x,] or £‘*'[x,], respectively. Sincethe"numerical differentiation formulag" are
"truncated" infinite series, we know that the ellipses” . .. " means that there are infinitely many more term which are not shown.

When we do not includethe " ...", we must evaluate the lowest order derivative in the series for the remainder at the value x = =
instead of x = x, , then we can "chop off" the infinite series at the term involving £*7[c] or £‘¥[c], respectively.
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Numerical Differentiation Formula

—f[-h+xy] +E[h+xg] 1

£ 3] = Znt e
[*a] -5 - [c]
-2 f[x fl-h+x flh+x 1

£10[xy] = [®a] + L1 +¥g] + E[h + ] ——hzf“)[c]
ht 12

We have obtained the desired numerical differentiation formulas and their remainder terms. We can add theterm o[h]* tothe
numerical differentiation formulaterm

—-fl-h+xg] + £[h + =]

- + O[R]?Y = £xy]+0[hL]"

—Zf[uy] + E[-h+xg] +E[h+xy]

= + O[h]Y = £9[xy] + 0[h]®

Therefore, we have established the numerica differentiation formulas

flxg+h] - £[xy-1]

£ [x] =4

1
S A IR
- [c]

and
E[xg-h] - Z £[xg] + E[%g+h]

£ ] -

1
- W o nt
1z

And the corresponding formulas with the big "O" notation n[n]? are

£lxy +h] - £[xy-h]

i
0[h
>h +0[h]

£ [x]

and
Elg-h] - ZE£[=a] + £[xg +1h]

= +0[h]*

' [*a]

Comparison with the Traditional Derivations

The above derivation differs only dightly from the traditional derivations which also start with the two equations

E[xy - 1]

1 1 1
£[xa] —hf'[xu]+5h2f"[xu] -En2 £ 01 +Eh*f“?‘[xu] P

(1)

Elh+xy]

1 1 1
£[%0] +hf'[:-:.;]+Ehif"[:-:u] J,Eng £ 1y ] +£h*f(*j[:{n] Foann

When deriving the numerical differentiation formulafor £ [x,] the equations (1) are subtracted and the termsinvolving
£''[x,] cancel and manipulations are used to solvefor f£'[=,] anditstruncation error term.

The traditional derivation of the numerical differentiation formulafor £ [x,] starts with the same equations (1). But thistime
the equations are added and the termsinvolving £ ' [x,] cancel and manipulations are used to solvefor £''[x,] anditstruncation
error term.

Thereisno "big deal" made about the fact that the starting place isthe same. We shall see for the higher order formulas that using
the same starting place will be the key to successful computer derivations of numerical differentiation formulas.

The Five Point Central Difference Formulas
Using fivepoints f£[x, - 2h] , £[xy - h], £[x,] ,£[xe + k], and £[x, + 2 k] We can give aparallel development of the numerical

differentiation formulasfor £ [x,], £'' [x4], £ [x,] and £*'[x,]. Start with the Taylor seriesfor £[x, + h] expandedin
powersof k. Termsmust beincluded so that the remainder term isincluded. Using degree n = & will suffice.
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Numerical Differentiation Formula

. 1 s . 1 s imy L4 ray 1% _imy 1 ¢ _cen
L [=s+h] Elxp]+hi'[=zg] + —=h" £ [=%g]+ —h £ [xa]+ —Dh°L [#%a] + — K" L [%4]+ — k' L [xa]
L E YT T T2 "7 Tzo "7 2z '

Use five points and set up the "equations” by setting =[x, +kh] == f[x; +kh] for k= -z -1 0, 1, z. Althoughthevalue & -1,
will produce £[x,] == £[xs] Whichisthe boolean value True, it will do no harm when solving the set of equations.

Elxa] —Z2hE[xg] + 2h% £7[x,] - % hP E9 2] + %h* £ [, - % h* £0%0 (2] + % hf £C60 [wy] == f[-2h + 4]

Elag] —h B xa]+ 2 REE ] - L R £ [y ] + 2 R % [uwn] - 22 WP EN ] ¢ - kP ECFM[uy] == £{-ho+ 4]
t 3 1L 1&n TEN
True

Elug] +hE %] + % hE £ [xa] + % B £9%0 [, + ih*f“:‘[:{u] + l—iu B £ [xa] + ?;—u h® £ ] == Elh+ %]

Elxg] +2hE[xg] + 2h% £ [y + % h E9%7 2] + %h* £ ] + % h* £9% [xy] + % hf £ [w,] == £[2h +xy]

We can consider that these are four equations in the four unknowns £ [x,], £' ' [xa] » £ [xs] and £¥ [x,], and al the other
quantities b, £xy - Zh], £xg -h], £[xe], £[Xe +h], £[xe - 2h], £ [x,] and £'%?[x,] areconstants. Since thisrequires
typing of four derivatives to be solved, we will automate this process too, by using atable to construct the "variables."

The wariables in the abowve equations are
(E (%ol £70x0], £ (0], £% [x0]}

Amazingly, the algebrainvolved in solving the four equations will result in the cancellation of £*'[x,] in the odd order derivatives
and theterm £%%7[x,] will cancel inthe even order derivatives.

Golve the ecquations

E[xa] —Z2hE[xg] + 2 0% £9[x0] - % b* £V [x,] + %h* E4% [x, ] - lis h® £ (%] + % hf £960 [my] == £[-2h + ®4]

Elxa]l —h £ [%a] + % ke £ [x4] - %h? £ [xa] + ﬁ ht £5% [, - l_éu W £ [, + % e £980 (%, ] == £1-h + 4]

True

E[®g] +RE[xg] + % hf £ [®g] + %h? EV [:g] + i b £9¥ [, + 1_;. h* £5% [x,] + % h¥ £U80 [%p] == E[li+ Xy ]

E[xg] +2hE[xg] + 2 0% £9[x0] + % h* £9% [x,] + %h* E% [, + T*s h* £ [xy] + % hE £980 1] == E[2h + %]

Get

] = = -5 £ [ Ty 1440 £ [ oy ] -0 fﬁ[uh:xﬂhs £ by 1 -2 B7 £050 ]

£ 3] = - 450 1 [ay 1415 £ [ - by ] £ 0 f[-mx.]l]ﬁ.::g £ [bbg 1415 £ [ by ] -2 BE 06D [
£00 1] = - 3f[-i1'-+x|;|]--if[-l'.-|-:-c.;,]+'ifil-1:|-;,:,]-t £1E by 1457 £050 [y]

£04) [g] = - ~26 £ [wy]-F :E[—Zh+xu]+2if[—11+xui;2:f[l‘-—H-c.;,]—E £18 by 1400 £060 )]

The output is not too clear to read, so we shall use the formula manipulation to group the numerical differentiation portion

L[-2h+xp] -8 E[-h+xg] +8L[h+xa] -E£[Eh + 2y] 1

£' ] = T +ﬁh4f(5)[c]
10 [xy] = “I0E[xp] -E[-Zh+xp] + 16 E[-h+=y] +10E[h+=xs] -E[2h +xa] +ih4f(”[c]
12 hi an
fl:g:l[}:g] —f[-Zh+xp]+2Ef[-h+xp] -2 E[h+=xp] +E[2h+xy] -ihzf(”[c]
Zh? 4
f':'i:l[xu] - BL[xa] +E[-2h +xy] —4f[—hh:xll|]—4f[h+:':ﬂ] + E[2h +xy4] —%hif(”[c]
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Numerical Differentiation Formula

Notice that the formula for approximating £ ' [x,] and £ ' [x,] havetruncation error termsinvolving n* so they are numerical
differentiation formulas of order o[n1*. But theformulafor approximating £¢*?[x,] and £¢*[x,] have truncation error terms
involving h* sothey are numerical differentiation formulas of order n[h]®. Thisisone of the many surprisesin the theory of
numerical analysis.

F[-Zh+xy] -8 f[-h+%y] +BE[h+xy] -F[2h +xy]
1zh

+ O[m]Y = £0%y] + 0[] ®

—A0E[#y] ~F[-Zh+xy] + 16 E[-h+®y] + 16 F[h+®y] - F[Z2h+xy]

=0 + O[]t = £[xy] + 0[] ®

—fl-Zh+xg] +2F[-h+xy] —ZF[h+xy] +E[Zh + 2]

e + O[h]E = £9% %] +0[R]E

BE[Hg] +E[-Zh+xy] —4F[-h+xy] -4f[h+x] + E[Zh +x]

= +0[h]E = £ [x,] +0[R]E

Therefore, we have established the numerical differentiation formulas

L[ -2h] - §E€[xp-hk] + GEL[Mp+h] - [ +Zh 1
£1x0] = [0 ] [®o ]l2h [®o + h] [0 ] +ﬁhi £
—flxp-2h] + 16 f[xg-h] - 30E[=g] + 16E£[xy+h] - £E[xa +2h 1
E1 ] = (o ] (%o -] 121[12“] [#o +h] [0 ] +ﬁhif(”[c]
f':g:'[x,:,]= -f[xp-2h] + ZE[Kﬂ_hLI;zf[HD +h] + £, + 2h] —%hz fl:s:'[c]
E[¥p-2h] - 4f[xy-h B E[Mg] - 4E[xp+h fl¥g+2h 1
RET [0 ] [0 -h] + h[*u] [Xo+h] + £[xg+ 2h] _Ehz EEI e

These formulas can be written with the big "O" notation o[k * and o[k]? if desired.

Elxy-2h] - BE[xy-h] + BE[Xy+h] - E[xy + Zh]

£ (%] = = +0[h]*?
—flxg-Zh] + 16 E[xy-h] - 30E[xy] + 16 £[xy +h] - £[xg + 2 h] .
£ [#g] = e + 0[h]
, —flxy-Zh] + ZE[xg-h] - Z£[xy +h] + £[xy + Zh] ;
£ [y = Y +0[h]
. flxy-2h] - 4E[Xg-h] + 6E[xg] - 4 E[xg+h] + £[xy+ 2h] ;
£ %] = ht +0[hl
Exploration

Explorationswith the Higher Order Formulas
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Numerical Differentiation Formula

Backward difference formulas for numerical differentiation
Tz2ing the 4 points
e, E(0ld, (%0, E[b+xo]l ), {20, E[2h+xo]), (¥, E[3h+Hg] )}

Elxg] = AL f[wp] L F[-2hbocg ]+ £[ b ] 18 £[-bbmp] | 1 42 Eid) (o]
ih ¢

ﬂHHQEHMJHMMHwﬁmFHH%M+£h%m”ﬂ
Bt 1i

ELM [y ] = Elen ] E[-2Fwpl+? £[-T b ] -2 £[Tug] f-llfﬁij[c]
e f

Forwmard difference formulas for numerical differentiation
Tzing the 4 points
TiHe, E(al ), (X0, E[h+xo]d, (X0, E[2h+xg ]}, (¥, E[3h+Hg] )}

£[%y] = Ll f[xn 418 £ [Ewp] I E[EPmp 48 S [2hawp] 1 R (2]
]

Eh
E[xa] = if[xp]-% f[h+xﬂ]+::[2h+xﬂ]-f[3h+ﬁﬂ] + l_JJz- hi £04) [c]
EC¥M 2, ] = —f[xu]+2f[h+xu]—i:[ih+xu]+f[2h+xu] __% h £ [c]
Exploration
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Exploration

Central difference formulaz for mumerical differentiation
Tzing the & points
f{de, El-Zh+xg]d, {xa, E0-hexn]d, (X0, E(x0]}l,s (%o, E[h+ Xl }, {Xo, E[2hi+Hg] )}

[ -2y ] 8 £ [ by 145 £ [y | - [ By ]
lih

—20 £ [y ] —£ [-& ey ] 416 £ [ by 1416 £ [hepoeg ] —£ [£ by ]

1i ki

—f [ by 148 £ [ bebg] —F £ [hpog 145 [E By
ih?

B £ [y 1+ [ -8 bepoeg ] —% £ [ Bepoeg ] =% £ [hepogy J+£ [£ gy ]

1

E'lx] =

+ = 0o
mn

£ x0] = + = ht )

£ %y ] =

- TR e e]

£ %] =

- 20 £9[c]

Central difference formulas for numerical differentiation
Tsing the 9 points
(e E[-2h+xg]d, {0, £[-3h+y]}, {2, £[-2h+xg]},
(o, E[-h+xall, {xo, E[Ha]l}, {Xo, E[h+p] b, (o, E[2h+ o]}, (o, E[3h+p]}, {Xo, E[dh+y] )}

£ [ Ay | —22 £ [ 2 ey J+L1ES £ [ =8 b 1672 £ [ b [ 4672 £ [B ] -L6% £ [ B[4+ 28 £]2 by | -2 £ [4 Ty ]

‘ L pfgl®n
£ (xg] = PTES i h* £474 2]
£ %] = “1a250 £ [my ] - £ty JHLES £ [ 2 oy [ -LO0F £[ -8 Do ]+ 062 £ [ by J+E0E S £ [T ] -L00F £[E by J+1E6 £[2 By ] -9 £ [Ty ] + I f':l':')[:]
! 5040 hE 2150
f(g:,[x ] = ST [y J4TE £ -2 ey ] 226 £ [ Dby [ 4286 £[ by ] 488 f [hepog J42 28 £[E by ] -7 £[2 Doy 147 £ [y ] _ 41 1F f(gj[:]
! £40 b 20id
f(ﬂ[}{ ] = TR0 [y 147 £ [t ] -6 £[ -2 bepoy J4+BTE £ [ Doy ] 1958 £ [Ty ] 1958 £ [T J+6TE £ [ Doy ] 96 £[2 T 147 £ [y ] _ ﬂhﬁf':l':':l[:]
! i4nht 756N
fcsj[}{u] = f[-dbmy ] -9 £[-2 by J 486 £ [ by ] -£9 f[—h+:;]s+29 £[hpog ] —E6 £[E bepoi 149 £[2 by ] £ [ 2Ty ] + % h4 f(gj [C]
f(Ej[}Cu] o =150 f [y ] £ [ -4 Ty ] +1E f[—?l-.-p:-c,:,]-ﬁif[-2h+xu]+uﬁ:1|£l;h+xu]-|d_'l.ﬁf[l-.+:-c,]]—52 8 by [ +1E £[2 by ] £ [y ] + %hi f(luj[c]
f”:'[x.]] = —f[-d bty ]+E f[-2h+x,]]-14i[-2h+x,]]+J.4f[-h;:-::-lif[m:-cu]qqlif[im:-cu]-ﬁ £[2 Ty 1 +E [ 4 oy ] B 1_52 hi f(g:' (o]
ffﬁ:'[x.]] = O£ [ 148 [~ by ] -6 £[ -2 by J+ES £[ -8 By ] =56 fL-:H-cu]—SE £ [ ] +E6 £[E by 1 -8 £[2 b ]+ [y ] _ % hg f(l“)[c]
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Exploration

Backward difference formulas for numerical differentiation
Uzing the 4 points
o, E(xo] b, {o, E(li+xg] ), {20, E[2h+2g] ), {0, E[3h+2] )}

f,[xu] = 11 £y ] -2 £[-2hmp )49 £ -2 b ] -18 £[ -] + 1 hg f(‘ij [C]
Eh 4

£y ] = Pt -f[-thhugl4d £[-Fhug] S £[-bupp] 1L 2 pid) [c]
hi 1i

EU [y ] = flwn]-£[-2 bon]+2 £[-Ebpwn] -2 £]Fuoen] % h (%]
B? £

Forward difference formulas for numerical differentiation
Using the 4 points
{xo, E[xo]}, {0, E[hexn]}, {0, E[2h+xg] ), {0, E[3h+xg] )}

Elxy] = ﬂf[ﬁu]#*f[1'-+=-=u]—:hf[2h+=-cu]+2 E[3hxp] % h* £1% [c]
%y ] = if[xu]—Sf[l'-+>=u]+::[21'-+=-tu]—f[?1'-+=-tu] +% ht £04) [¢]
EC [, ] = —f[xu]+?f[h+xu]—3h:[ih+xu]+f[3h+xu] _%hf(‘ﬂ[g]

Backward difference formulas for numerical differentiation
Using the 5 points
o, E(xo ]}, {¥o, E(Ri+xg]}, {20y E[2h4 2]}, {20, E[3h+2g] ), {0, £[dh+Hg] )}

5 f [y ] 42 £ [ -2 by ] 16 £ [ by J+26 £ [ —F Doy ] -6 £ [y | L Lpt f':s:'[n::]
lih 5

35 4 [mg | 41L £ [~4 by ] =56 £ [ =3 Do 14114 £ [ =F by ] =104 £ [ by ]
liht

8 f [wp 142 £[—thpmy] -1 £ [-2 bepoey ] +E% £ [ =3 By ] -LF £ [—hoy ]
ih?

£ Loy J48 [~tbapoy] % £ 2 by |46 £ [—E by ] — £ [ by ]

L

Elxa] =

£ [Hy] = +%h3 £ [ o]

£ =y ] =

+ % hi £ [ o]

£ 4] = +2h £ ]
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Forward difference formulas for numerical differentiation
Uzing the 5 points
o, E(xo ]}, {¥o, E(Ri+xg]}, {20y E[2h4 2]}, {20, E[3h+2g] ), {0, £[dh+Hg] )}

—5 £ [0 46 £ [Bepoy] 26 £ [£ Do J416 £ [2 ey ] -2 £ [$ by ]
lih

35 £ [mg ] -L0% £ [hpg | #1014 £ [£ By ] =56 £ [ by [+ 1L £ [ by ]

1li ki

=5 £ [y 1415 £ [horg] -2 @ £ [ by J41 £ [ 2 o] -2 £ [2 bty ]
ih?

£ [y ] —% £ (b ] 46 £ [ by ] - £ [ Doy ] +£ [2 by ]

L

Elxa] =

+ %h* £80[e]

E7[xa] =

- %hg £ e]

£ [y ] =

+ % ht £0%0 o)

£ (3] = _2h g

Backward difference formulazs for numerical differentiation
Using the & points
{xo, E[xa]}, {0, E[hexo]d, ixo, E[2h+ o]}, o, E[3h+xg] ), {0, E[dh+xg] ), {20, E[Sh+xg] )}

Elxa] = 17 f[xu]-lif[—5b+xu]+’-'5f[—4h+xu]—iﬁfc'lﬂhf[—?h+xu]+ﬂﬂﬂ E[-2 bopmg ] 200 £[-hmp] +% h £06) [ o]
Frluy] — 2flx]-L0 f[—51'-+J-c|;|]+Elf[-lil'-+:-c|;|]-]J.-F;Ehi[—gh+:-c|;|]+il-£i[-21‘-+:-c|;|]-154f[—1'-+:-c|;|] +% nt £05) [2]
FU2[x,] o LPilxal=T f[-51'-+:-c|;|]+4.'l.f[-‘il‘-—pxu]-iﬁhfg[-ﬁlwxn]-huﬁ fl-thang T8 [bwg] 1_: h? £05 [o]
L4 [y ] = i[=p]-2 f[—5h+:-cu]+-LLf[—imxu]—i:gf[—?mxuhtﬁf[—2h+xu]4if[—h+xn] +l_: ht £06) o]
FU5) [y ]  Lx1=f[-5 haxyles f[-lih+:-c|;|]-llil]:5[-2h+x|]]+lﬂ £[-% bm ] -5 £ [ By ] +% h £05 [¢]

Forward difference formulas for numerical differentiation
Uzing the & points
o, E(xo] b, {¥o, Elhee 2]}, {20, E[2h+ ]}, {20, E[3hedg] ), {20, E[dh+xg] b, {20, E[3h+xg] )}

£rlxy] o SLETElx01+300 £ [hxg] 200 f[ihxu]:ﬂi}ﬂlﬂf[ﬁhxu]-?s £ [4beoop 1+LE £[5 beoeg] _% h® £05) []
Frlxg] = 45i[:-cu]-J.Sii[1'n+:-c|;|]+ilii[ZMHu]ilﬁif[31‘-+xu]+ﬁlf[i1'r|-:-cu]-ll:l £[5 by +% ht £05) []
FO2I i, ] = 27 f[:-cu]+?l:f[1-.+:-c|;|]-J_L$f[2h+:-c|;|]::lzf[2h+x[|]--ﬂ.f[-il-.+:-c|;|]+? £[5Eeeg] 1_: h? £06) o]
U8 [, ] o AElx01-L4 [yl 4i6 f[ih+xu]-i:;[2h+xu]+J.Lf[41'-+:-c|;|]_2 £[5 by +1_: nt £06) [g]
£05I %, ] = —f[:-cu]+5i[h+:-c|;|]-.'l.lili[ihxu]iﬂ;f[?hxu]—sf[ih+:-cu]+i[51‘-+:-c|;|] _% h £05 [ ]
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Backward difference formulazs for numerical differentiation
Using the 7 points
o, E(xol}s ¥, Elho+ 2]}, {x0, E[2h+ ]}, {30, E[Shedg]d, {20, E[dh+eg] b, {20, E[5h+x ]}, {Ho, E[6h+xg]})

£ xa] = 147 [y J4+10 £ [ by ] -T2 £ [ -5 by J4+EES f[-iﬁ?:u]-iﬂﬂ E[-2 By 14250 £ -8 Doy ] =260 £ [ by ] N %hﬁ f('il:l[c]

£ %0 ] = ﬁlif[xﬂ]dﬂ?f[-ﬁhpxu]-ﬂ?if[-51'.+3-c|:|]+29?ilf[-fa?:g]-slilﬁﬂf[-?l‘.—pxu]+5255f[-ihxﬂ]-glﬂif[-1'.+3-c|:,] + %hs f(?)[c]
f“:'[xu] = 49 £ [mg [ 415 £ [ -6 by ] L0 £ [ -5 by ] 4+207 f[--iﬁl'::u]-ﬂﬁ -2y J+4EL £ [ -F By ] 228 £ [y ] N % h* f':?)[c]
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Forward difference formulas for numerical differentiation
Using the § points
{2, E[xa] ), {0, E[hexg]d, i%o, E[2h+xg]}, o, E[Fh+xp] ), o, E[dh+xg]}, {2, E[Sh+xg] b, {5, E[Gh+xg] ), {50, E[Th+xg] )}
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