Circle and Radius of Curvature

7. Curvature

Giventhefunction ¥ = £[x], theformulafor the curvature (and radius of curvature) is stated in al calculus textbooks

£ [x]

Definition (Curvature) x[x] = O SIBEE

(L+ (£'[x]2%)*¢

Definition (Radius of Curvature) o[x] =
£ [K]

Definition (Osculating Circle) Atthepoint {x, f[ x]} onthecurve y = f[ x], theosculating circle istangent to the curve and hasradius r [ X] .

Example 1. Consider the parabola + - £[x] = x* andthepoint{0, f[0]} = (0, 0) onthecurve. Find theradius of curvature and the circle of curvature.
Solution 1.

Finding Curvature at Any Point

For the above example the circle of curvature was easy to locate because it's center lies on the y-axis. How do you locate the center if the point of tangency is not the
origin? To begin, we need the concepts of tangent and normal vectors.

Tangent and Normal Vectors

Giventhegraph + - £[x], avector tangent to the curve at the point (x, f (X)) is %= 41, £' (x11 . Theunit tangent vector is i = —Y_, which can be written as
¥

N 1
Definition (Unit Tangent) U= —— {1, £'[x]}
Y1+ (E'[x])"

For vectorsin ®*, acorresponding perpendicular vector called the unit normal vector is given by

. 1
Lemma (Unit Nor mal) e —— {-£'[x], 1},

W1+ (£'[x])F

Example 2. Consider the parabola + - £[x] = x* andthepoint (1, (1))
Find the unit tangent and unit normal at point (1, 1) .
Solution 2.

(1, 1) onthecurve.

Example 3. Consider the parabola + - £[x] = x* andthepoint (1, (1))
Find the radius of curvature and the circle of curvature.
Solution 3.

(1, 1) onthecurve.

A new construction of the Circle of Curvature
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Circle and Radius of Curvature

What determines acircle? A center and aradius. The formulafor the radius of curvature iswell established. What idea could we use to help understand the situation. We
could use the fact that three points determine a circle and see where this leads.

Example 4. Consider the parabola + - £[x] = x* andthepoint (0, f(0)) = (0, 0) onthecurve.

Find collocation circle to go through the three points (-, £ (-hj3, (0, £ (033, and (k, £ (b)) , and explore the situation for h=1,.1,.01.
Solution 4.,

Derivation of the Radius of Curvature

The standard derivation of the formulafor radius curvature involves the rate of change of the unit tangent vector. This new derivation starts with the collocation the collocation

circleto go through the three points (x -k £ (x -h)3, (% £ (x)), ad (x+h £ (x +k)) onthecurve %= £ (x) . Thelimitas h— 0 isthe osculating circle to the curve
v=f (x) athepoint (=, £ (%33 . Theradiusof curvature and formulas for the location of its center are simultaneously derived.

Start with the equation x- a3+ (v -b1¥ = ', of acircle. Then write down three equations that force the collocation circle to go through the three points
-, E(x-h1), (¢ £ix)), ad (x+h £ (x+h)) onthecurve y=f (x).

(~a-h+x) 4 (-b+E[-h+x]) ==’
f—a+x) s (~h+ E[x])F == £F
(-a+h+x) 4 (-b+E[han])’ ==1"

Solvethe equationsfor =, b and r and extract the formulafor the radius of the collocation circle. Sinceit depends on x and r we will storeit asthe function r[x, k] .

3olwve the equations

(—a-h+x1f 4 (-b+ F[-h+x]1% == £f
(—a+x1f+ (-h+£[x]1¥ ==1rt
(—a+h+x)?+ (-b+E[h+x])® == 1!

Get

AWhiy (E[x] —f[-h+x]1% v his (F[x] —flh+x10% Y ahf+ (F[-h+x] —E[h+x])¢
Zh(-ZE[x] +E[-h+x] + E[h+x])

ri=,h] =

The formulalooks bewildering and one may wonder if it is of any value.

r[x] = lim r[=,k]
bl
rix] = lim Whi+ (E[x] - E[-hex])E Y hi+ (E[x] -£[h+x])? 4hi+ (E[-h+x] - E[h+x])?
T B Zh(-ZFf[x] +E[-h+x] +E[h+x]]
(Ll £rqx]ty e
r[x] = —mmMMM—
frr[x]

Therefore, the limit in the numerator is 1+ F ' [x] %"

. The difference quotient in the denominator is recognized as the numerical approximation formulafor the second
derivative, hencetheis 7' ' [x] .

The Osculating Circle
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Circle and Radius of Curvature

We now show that the limit of the collocation circle as h — o isthe osculating circle.
Now we want to find the center (a, b) of the osculating circle.

The abscissa for the center of the collocation circleis

The absciszssa of the center of the collocation circle
E[x]% (E[-h+x] -f[h+x]1 +h (h-Zx) E[h+x] +E[-h+x]* E[h+x] -£[-h+x] (h'+Zhx+E[h+x]%) + £[x] (dhx-Ef[-h+x] + E[h+x]%)
h(4df[x] -2 (E[-h+x] +£[h+x]))

alx,h] =

Takethelimit as n— 0, to obtain the abscissafor the center of the circle of curvature.

The abscisssa of the center of the circle of curwvature

a[x] = %i? al[x,h]
a[x] = lim
bl

E[x1f (f[-h+x] —flh+x]) +hih-2x) flha+x] + f[-h+=]  f[h+x] -F[-h+x] (K'+Zhx+ f[h+x]1%) + £[x] (dhx-f[-h+x] i+ f[h+x]Yy
hrdf[x] -2 (E[-h+x] +E[h+%]))

£[x] + £ [x]% - % £7[x]
B £erlx]

al[x]

=] £[x1t

frr[x] for [:{]

al=]

The numerators involve three difference quotients, all of whichtendto F' [x] when h— o , and the difference quotient in the denominatorstendsto r' ' [x] when n— 0.

The Abscissa the Easy Way
£ [=]
Subtract from x the radius of curvaturetimes —————— .
% 14 £ [x]E
PR R
E[#x] = ——M
£o[x]
The abscisssa of the center of the circle of curvature
£ [x]
afx] = x - —————r[x]
1+ F'[x]E
£°[x] (1+E[x]%*"
a[x] = -
VIvemE Elx
(=] (l+E[=]5)
afx] = x-
£ro[x]
£[x]  £[x]°
afx] = x- -

fr[x] fe[x]
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Circle and Radius of Curvature

The Ordinatefor the Center of the Circle of Curvature

The ordinate for the center of the collocation circleis

The ordinate of the center of the collocation circle
Zhf 2]t +E[-h+x1i+E[R+x]?

blx,h] =
el Z(-ZE[x] +f[-h+x] +E[h+x])

The ordinate of the center of the circle of curvature

blx] = lin bix,h]

Zhf_ZFf[x]f +f[-h+x]f+ E[h+x]?

b[x] = lim
B 2 (—2FE[X] +E[-h+x] +E[L+x])
£ =]}
b[x] = £[x]+ +
frr[x] frr[x]

F'[x]*

+ for the ordinate of center of the circle of curvature.
F'! [K] F'! [K]

Thus we have established theformula kb [x] = F[x] +

The Ordinate of the Circlethe Easy Way

1
Addto £ the radius of curvature times ————
] 1 f[x]3E
(1+£x]5)*"
E[#x] = ——M
£re[x]

The abscizzza of the center of the circle of curwvature
£r[=]

bx] = £lx] - ———""_r[x]
AL+ £ [x]}
r i a2
Bix] = f£lx] - £ [x] [+ £7[x]")
"‘"l+f"[1{]2 £rlx]
v v 3
Blx] = £lx]- Erx] (1+£7[x]7)
£er (]
v v k]
x] = £[x] - =] £[x]
frf[x] frr[x]

The Osculating Circle

Atthepoint §[=x] = {x, £[x]1 onthecurve ¥= £[x], the center and radius of the osculating circle are given by the limits calculated in the preceding discussion.
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Circle and Radius of Curvature

Giwen the curwve
¥ = £[x]
AL the point
Blxl = {x, £[x]}
The center and radius of the osculating circle are

fl’ fl’ g l fl’ 2
Bx] = {x- e T . D 1
£r(x]  £e[x] Ee[x]  Er[x]
(l+ £yt
E[x] = ——
frr[x]
. . . 1 1 1 1 ) .
Example 5. Consider theparabola + = £ (%1 =" at the point (E' £ (E” = (E’ E)' Draw the circle of curvature for various values
h=1.0,0.90.580.70.50.4 0.3, 0.2 0.1, 0.08 0.06 0.04 0.03, 0.02, 0.01, 0.0075, 0.005, 0.0025, 0.001
Solution 5.

Generalizationsfor 2D

In two dimensions, a curve can be expressed with the parametric equations = = £[t] and v= g[t]. Similarly, the formulasfor the radius of curvature and center of curvature
can be derived using limits. Atthepoint fi[jt] = {£[t], g[t]} thecenter and radius of the circle of convergenceis

1 1 4 1 4 1 1 b4 | i
e = {f[t]+ g'fe] (E'[E]"+g'[t]"] TS E'[e]l (E'[E]"+g'[E]"] }
g'le] £ [e]-£'[e] g''[E] £'[e]l g’ (t] -g'[e] £ [E]
1 i 1 i
r(t] = (E'[t]"+g'[t]7)
[E'[e]lg' ' [£]-g'[L] £''[E] |
The absolute value is necessary, otherwise the formulawould only work for a curve that is positively oriented.
The Abscissa the Easy Way
g'[x]
Subtract from £[x] theradius of curvature times . The abscissa of the circle of curvatureis
YE[x]T e [x]
al[t] = £[t] - LD r[t]
YE[E] g [t]?
1 1 4 | b4
a[t] = £[t] - g'fe] (£'[e]"+qg'[t]"]

el g el -g'[e] £''[E]

The Ordinatethe Easy Way
£'[x]

Addto g[x] theradiusof curvaturetimes . Theordinate of the circle of curvature is
VE ] g [x]f
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Circle and Radius of Curvature

£[t]
blt] = g[t] + r[t]
VE[E] g [o]?
1 1 4 | i
Bit] = g[t] + EY[e] (E'[E]"+ ' [E]7)
frielg''[e]-g'[e] £''[t]
Example 6. Consider the cardioid x - 2 cas (t) - cos (2t), ¥= 2sin (t) - sin (2 £y . Draw thecircleof curvatureat t= %* 2:’ o
Solution 6.

Example 7. Consider thecardioid » = 2 cas (—t) —cos (-2 €], ¥v=2ain (-t) - 2in (-2 £) . Draw thecircle of curvatureat t = % :
Solution 7.
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Circle and Radius of Curvature

Example 1. Consider the parabola = £[x] = x* andthepoint{0, f[0]} = (0, 0) onthe
curve. Find the radius of curvature and the circle of curvature.

Solution 1.
flx] = =°
£'[x] = 2x
£l [x] = 2

plx] = (1 + (E'[x]135 e %]
P N

plx] = (1 + (x5 e
plxl = (1 + 4axB ¥z
PIx] = = (L+axhy*

o

For £[x] = e

The radius of curvature at the point {x, £[x]} i=s

Blx] = — (Ls+axt)?
o
At x=0, wehave g[o] - 17 (£ 013" *" R O
£''[0] o e

We know the shape of this parabola and from symmetry we can conclude that the circle of curvature will
1 _ 1
have center (o, EJ and radius p = —.
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Circle and Radius of Curvature

S

v = £[x] = x

plx] = %clﬂxif”
AL the point
{0,£[0]} = {0, 0}

g0l = —

What do other kinds of "tangent circles' look like?
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Circle and Radius of Curvature

T

-1 0.5 o.5 1

It looks like the "circle of curvature” isthe "best fitting" circle.
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Circle and Radius of Curvature

Example 2. Consider the parabola + = £[x] = x* andthepoint (1,f(1)) = (1,1) onthecurve.
Find the unit tangent and unit normal at point (1, 1) .

Solution 2.
&
v = E[X] = %
Blx] = {x, x'}
N 1 2
dx] = { : |
N A ETY ST . T
N Zx 1
Blx] = {- . }
Wledxt ol sdxd
.8 r
= 8
1.5
_'|_-
a_k
-1 -0_5 o_k 1
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Circle and Radius of Curvature

Example 3. Consider the parabola + = £[x] = x* andthepoint (1,f(1)) = (1,1) onthecurve.
Find the radius of curvature and the circle of curvature.

Solution 3.
v = £[x] = e
L1 1 1
P[?] = {E.r E}
pl—1 = Az

The center of the circle of conwvergence iz
S[x] = BFlx] + p[=]H[x]

L1 I 1 1 1
E[E] ={E‘r E}-‘-ﬁ{_ﬁ" ﬁ}
B2 - {% %} + {1, 1}

L1 1 5

131 s -5 g
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Circle and Radius of Curvature

The circle of conwvergence

1
p[51=«ﬁ
L1 1 5
C[—] = 4-—, —
[2] {2’4}
1
a_Th
a_5
_.-"'
e
O_z5 )
-'.-.-.--l--
e
O_z5 I:I.IE a_7s 1
&
v = £[x] = x
4[1] {1 1
Pl =77 7

The circle of conwvergence

1
.D[E] Wz

L1 15
fiz1 s -7 g
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Circle and Radius of Curvature

Example 4. Consider the parabola + = £[x] = x* andthepoint (0, f(0)) = (0, 0) onthecurve.
Find collocation circle to go through the three points -k, £ (-k)1, (0, £ (011, and (k £ (k) , and
explore the situation for h=1,.1,.01.

Solution 4.

¥ = £[x] = x'

Three points on the curve

{-h,£[-h]} = {-h, h'}
(0, £[0]} = {0, O}
{ h, E[k]} = {h, K%}

Start with the equation of acircle

[:-:—aj|2+ [jg—}:u]i=ri.

Then write down three equations that force the collocation circle to go through the three points
(-h, £ (-h1), (0, £¢0)), ad th £ (k).

(—a-h1f+ (~b+bi " o= rf
3

a®+bfocr
(—ca+hl’+ (<b+h¥) 5 == 1!

H

Expand the equations and get

at+bhi+zan+h’ - zhhf +nt=crt

k3 k i
a +h” ==r

a+bh'-zah+h —zbhf 4 nt=crt

Solve the equationsfor a, b and r and extract the formulafor the radius of the collocation circle.
[-a-m)f+ (-beb®) ==, ¥ +b' o= £f, (casb)®+ (b+b®)" == 1f)
(-1-h") a—0 h—}% (1 +h')

(1 +h%) a— 0 h—}% (1 +h%)

v = £[x] = x° at the point {0,0}
Radins of the collocation circle

1 k3
Rcc[h] = = (1 +h)
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Circle and Radius of Curvature

Draw the circle of curvature for various values

h=1.0,0.9,0.5,0.7,0.5,0.4, 0.3, 0.2, 0.1, 0.08, 0.06, 0.04, 0.03, 0.02, 0.01

1.5
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Circle and Radius of Curvature

-0.

iy
w/
.

o.5
o.5
.5

-1 -0.5
1.5
1
0.5
\
-1 -0.5 1
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Circle and Radius of Curvature

-1 0.5 o_5 1
1.5
1
o_5
"-\.,‘.H-_‘_ _F.‘_,..-"'
-1 0.5 o_5 1
1.5
1
o_5
o o
-1 0.5 o_5 1
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Circle and Radius of Curvature

1.5
.5

-1 -0.5 o.5 1
1.5
.5

-1 -0.5 o.5 1
1.5
.5

-1 -0.5 .5 1
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Circle and Radius of Curvature

1.5
.5

-1 -0.5 o.5 1
1.5
.5

-1 -0.5 o.5 1
1.5
.5

-1 -0.5 .5 1
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Circle and Radius of Curvature

-1 -0.5

¥ = £[x]

i
= X

0.

5 1

at the point 0,0}

Radins of the collocation circle

]
—
| B o R e R O I = =

o o o O
L) s O D

(o= = = = = = = = = = = A = = =
I
[}
[

]
o o o o o o o o o o o o o o

01

The
The
The
The
The
The
The
The
The
The
The
The
The
The

The radiuz

radius
radius
radius
radius
radius
radius
radius
radius
radius
radius
radius
radius
radius

radinus

1.

o o o o o o o 43O

905
O
. Td5
LBES
. 5
. 545
52
. 505

o o o O O

a.

» S03E
5015
50035
. S50045
L5002
50005

Take the limit and get the circle of curvature

The radius

a

.5
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Circle and Radius of Curvature

v = f[x] = x* at the point {0,0}

The radius of the collocation circle is
1 H

Fco[h] = E (1+h™)

Take the limitash - 0

1
lim Ecc[h] = lim — (1+h%)
heall bl 2
_ 1
lim Fcec[h] = —
byl 2

It i= the same as the radins of curvature atx = 0

1
> (1+4axiy?t

o[x]

n[0]

1
P

We can conjecture that the limit of the collocation polynomial isthe circle of curvature.
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Circle and Radius of Curvature

1 1 1

. 1 . .
Example5. Consider the parabola v = £ (x) = x* at the point (E‘ £ {E]] - [E’ E] . Draw the circle of curvature for various values

h=1.00.%0.80.7 0.5 0.4 0.3 0.2, 0.1, 0.08 0.06 0.04 0.03, 0.02, 0.01, 0.0075, 0.005, 0.0025, 0.001
Solution 5.

Information for the animation
£

f[x] = =

Flx] = ix,x'}
The center and radius £or the collocationcircles at

"[i] = {i i}

Ploh =g 3

1 (%-h}l*(%+hjz+(—l+hjh[%+hjz+i((%—h)z—[%+hjzj+% (—(%—h]l4+2h+|1%+h]|*]|—(%—h]lz[h+hz+|[i+h]|4]|
a[—,h] =

2 B(l-z((3-n)"+{2+n]%)
h[l hl - —%+I[%—h]|*+2hi+|[%+hjli

e e RN

Bt et (2t fane (2ot (2
r[E;h] = 7 I : 7 ;

zh[-?ar[?-h) +(?+hjj

AL the point

_1[1] {l 1
Pzl =sizr 3
Take the linit ash— 0 and get the circle of curvature
1 1
lim a[—,h] = -—
bt 2 2
. 1 5
lim b[—,h] = —
beatt 2 4
1
lim e[ —,h] = + 2
bl 2
L1 1 g
c[—] = s ——, —
(7] 2’ 4}
1
rl=] = 2
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Circle and Radius of Curvature

1.5
1
0.5
-1 -0 0.5 1
1.5
1
0.5
\
____ﬂ—#"'f
-1 -0 0.5 1
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Circle and Radius of Curvature

1
\ 0.5
\ R
-1 -0.5

. [ 1
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Circle and Radius of Curvature

~ L
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~ L
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Circle and Radius of Curvature

Example 6. Consider thecardioid x = 2 cas (t) - coz (2£), ¥= 2 =in (t) - 3in (2 t) . Draw the

] T 2
circleof curvatureat = 35 o
Solution 6.
¥ = 2Cos[t] -Cos[2 t]
¥ = 2%in[t] - $in[2 t]
Flt] = {2Coz[t]-Cos[2t], 23in[t] - Sin[2 t]}
Zr] = {% (2 Cos[t] +Cos[2t]], % (1 +Cos[t]) Sin[t]}
l i T i
- (@-acC Cac|—
rfe] = — os[t]] sc[z]

L 3 ’-.-"E
P[E] = E.r 2 }
L 1 ’-,-"E
C[E] = E.r - }
(- 2
rf — = —

3 3
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Circle and Radius of Curvature

IJ[?] =TT T
Z 1 1
f[—1 = - =+
{2 z«ﬁ}
& 4
r[—1 = —
3 A 3
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Circle and Radius of Curvature

Blm] = {-3, 0}
. 1
B[] = {_5; n}
r[m] = i

)
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Circle and Radius of Curvature

Example 7. Consider thecardioid x = z coz (-t) - cas (-Z2t), ¥=2sin (-t - #in (-2 £ . Draw thecircle of
T

curvatureat t= E .

Solution 7.

(£'[e]f+ g (6]
E'[el gt [E] -g'[E] £ [t]
positively oriented. Loosely speaking the curve must be oriented in the "counterclockwise direction”. Let'sinvestigate
the situation at hand.

Theradius of curvature formula r[t] = can be used provided that the curve is

¥ = 2Cozs[t] -Cos[2 L]
¥ = -2 3in[t] + 3in[Z t]
Blt] = {2Cos[t] -Cos[2t], -2 3in[t] + 3in[Z ]}
N 1 2
Blt] = {5 (ZCoz[t] +Cos[Z2t]), -3 (l+Cos[t]) Sin[t]}
P
r[t] = —E-ﬁﬂ-BCDs[t]
4
Circle::radius : PRadius - — is not a positiwe rmamber or a pair of positive nuambers.
3

. 3 3
B30 = {50 )
N 1l o 3
5= g -
T 4
flgl=-3

The formilas failed because the curve iz 'negatively oriented!
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Circle and Radius of Curvature

The formulafor the radius of curvature computes a negative value. The correct the situation, change the sign and use
(£'[e)f v [e]5*

r[c] = - .
el gt (el -g'[t] £ [t]

¥ = 2Cos[t] -Cos[Z2 L]

¥ = —25in[t] + Sin[2 t]
F[t] = {ZCos[t]-Cos[Zt], -2 3in[t] + in[2 £]}
Zlt] = {% (2Cos[t] +Cos[2 t]], -é (1+Cos[t]) sm[t]}
r[c] = %*\.-'Ei—ﬂljns[t]

.. 3
P[E] —{E.r—
. 1
|3[§] —{E.r-
iy 2

3 3

Caveat. The formulafor the radius of curvature should include an absolute value. Be careful! In Mathematica it could
be written as

(E'[e]f+gr[e]5)?fE

r[t] = Abs .
g£r{elgt' [l -g'[e] £''[t]
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