The Secant Method

5. The Secant Method

The Newton-Raphson algorithm requires two functions evaluations per iteration, £ (p;1 and
£' (py) .- Historicaly, the calculation of a derivative could involve considerable effort. But, with
modern computer algebra software packages such as Mathematica, this has become less of an
issue. Moreover, many functions have non-elementary forms (integrals, sums, discrete solutionto an |.
V.P.), and it is desirable to have a method for finding aroot that does not depend on the computation of
aderivative. The secant method does not need aformulafor the derivative and it can be coded so that
only one new function evaluation is required per iteration.

The formulafor the secant method is the same one that was used in the regula falsi method, except
that the logical decisions regarding how to define each succeeding term are different.

Theorem (Secant Method). Assumethat £ e ¢*[a, b] and thereexistsanumber p e [a, b] , Where
£rp)=0.1f £'(p1&0,thenthereexistsa & » o0 such that the sequence {py, 15 _, defined by the
iteration

£ (Py) (Px - Dyl

Prel = T (Pr1s Pr) = Pr - for ®=0,1, ...
’ £ (px) - £ (Proa)

will convergeto p for two initial approximations p,, py e [p -6, p+ 4] -

Example 1. Use the secant method to find the three roots of the cubic polynomial
Flx] = A% - 16xf+17x-4.

f[=
Determine the secant iteration formula g[x] = x- f'[[:-:]] that is used.
Show details of the computations for the starting value py =3 and p; = 2. 5.

Solution 1.

Example 2. Use Newton's method to find the roots of the cubic polynomial £[x] = x*-3x+Z.

2 (a) Fast Convergence. Investigate quadratic convergence a thesimpleroot p = -z, using the
startingvalue p, = -2.6 and p; = -2. 4

2 (b) Slow Convergence. Investigate linear convergence at the doubleroot 1 = 1, using the starting
vaue py=1.4and py = 1.2

Solution 2.

Example 3. Fast Convergence Findthesolutionto 3 Exp[=]-4Co=[x] = 0.
Use the Secant Method and the starting approximations p, = 1.0 and p; =0.9.
Solution 3.

Example 4. NON Convergence, Diverging to Infinity Find the solutionto =xe™ = 0.
Use the Secant Method and the starting approximations p, = 1.5 and p; = z.0.
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Solution 4.
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The Secant Method

Example 1. Use the secant method to find the three roots of the cubic polynomial
Elx] = 4%’ - 16x"+17x-4.
£[x] :
that is used.
£'[x]
Show details of the computations for the starting value py =3 and p; = 2.5.
Solution 1.

Determine the secant iteration formula 9[x] = x-

The secant iteration formula g[x,, x;] IS

(-po+p1) (-4+17p1-16Dp] +4p3)
-17py+ l6pf-4dpi+17p1-16p] + 4p]
4 (1+pipL+De (-4 +D1) p1)
17+4pi +4pg (-4d+p1) -16p; +4p]

jaf d[pan, 1l b1 -

g ,p1l

D

Hopefully, theiteration p,.; = olpsa. pn] Will cOnvergeto aroot of £x] .

Graph the function v = £[x].

0.5 1 Rgmimu__i,xffk's 2
-z}

Flx] = -4+ 17x-16x%" + 4%’
There are three real root.

Starting with thevalues p, = 3 and p; = 2. 5.
Use the secant method to find a numerical approximation to the root.
First, do the iteration one step at atime.

py = 3.0000000000000000,  £[ps] = 11.
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P

P =
P =
Dy =
Pg =
Peg =
=
D =
Ps =

Pan
1]
Elp

]

[ T o T e T ot T o T o T A% T % T e

a0oogoooooaoono,
LOBZ2TI80922098570,
LA5956097952839590,
LAL59623116721990,
LA0741553545030930,
A0651053234745750,
A068032576442370,
LANEE032513242300,
LANEE032513241660,
2.4068032513241660,

2.4065303251324166
0.

£lp1]
£lp:]
Llp:]
£lp4]
£lps]
£lpel
£lpr]
£lps]
Llps]

Flpael

. 9579999909999959

. B09778114233566

. 53736163357449173
.0B30465943210401

. 005349586163346457

. 00007189617626579545
L 000787777793448 % 107
. 110667527536862 « L0

o oo O O O O =

= 0.

From the graph we see that there are two other real roots.
Usethe starting values p, = 0.6 and py = 0.5.

il
1
ik
D
Pe
Ds
De
D1
ik
P
P1o

P
Ap

£lr]

o o o o o o o oo oo

» GO00000000000000,
SOoogoooooaoono,
L17105263157839467,
L 3705043574540401 ,
337479157607 2164,
L3E791587494467301 ,
»3235471311035353295,
. 3285384069324079,
. 3285384586113031,
. 32853584586114150,
0.32853534536114150,

0.3285353455611415
0.

£lpo]
£lp1]
£lp:]
Llp:]
£lp4]
£lps]
£lpel
£lpr]
£lps]
Llps]

Flpael

1.3877787807581446 » 107tF

Usethestartingvalues p, = 1.0 avnd p; =1.1 .

P
L
D:
D2
De
Ds
P
il

L R = T =T = SR SV

Laoooooaooaoaooan,
Jloooooooooooooan,
L2976190476190430,
L 2B23600508339780,
 2646456450005470,
 2646582934370370,
L 2B4d6582900644130,
2B4d6582900644200,

£lpo]
Llp1]
£lp:]
£lp:]
£lp4]
£lps]
£lps)
Llpr]

1.5303999999999999

1.

_1.540229959794435
0.3056437021120457
0.06561572052792555
_0.0045827220357223658
0.00006745559864649792
6. 475412975046455 % 107
_8.70692407062279 % 1071
1.3877757807581446 » 107
= 1.3877787607581446 « 107F

1.
0.6640000000000015

_0. 14171660727 768575
0.0076587910275651078
0.00004124933635571804
~1.442380259675247 » 107"
Z.6645352591005376 » 10~
0.
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p:; = l.26405332200644200, Elps] = 0.

p = l.26465829006442
.ELI:I = 0.
f[I:I] = 0.

Mathematica can solve for the roots symbolically.

0= —4+17x-16x" +4x°

4 13 1
Ml oy = (a+3i+ 237 )"

I oe(s+znqfzav)™’
4 13 (L+243 ) 1

X = - - — (1-143) (B+anvzar)
3 1z{s+3nfzav ) 12
e 2o (1-2+3] _i(lniﬁj (8+32+237)7"

312 {s+3nqfzav )t 12

The answers can be manipulated into real expressions.

4 1 1 3o 237

¥ —+— %13 Cos|— ArcTan| ————
3 3 3 3
4 1 1 I 237 1 13

¥ — - — %13 Cos|— ArcTan| ———— - — Sln’— ArcTa.n’
3 & 3 3 2 3
4 1 1 3o 237 1 13

¥ —-— %13 Cos|— ArcTan| ———— + — Sln[— Arn:Tan[
3 & 3 3 2 3

The answers can be expressed in decimal form.

= 2.406803251324165
X—0.328535458611415
= 1.20405329006448

LR}

LR}

These answers are in agreement with the ones we found with the secant method.
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Example 2. Use Newton's method to find the roots of the cubic polynomial £[x] = x*-3x+Z.

2 (a) Fast Convergence. Investigate quadratic convergence at the smpleroot p = -z, using the
startingvalue p, =-2.6 and p; = -2. 4

2 (b) Slow Convergence. Investigate linear convergence at the doubleroot 1 = 1, using the starting
vaue py=1.4 and py = 1.2

Solution 2.
Graph the function.
1n
T_5
5
i N
-2 £ -Il l Z 3
-Z.5
-5
=75
=10

£Flx] = 2-3x+%°

The secant iteration formula g[x,, x;] IS

(-po +D1) (2-3p1+p3)
3pe-bj-3pL+pi
~Z+pip1 +pe pi
~3 +D§ + Do b1+ B

b g ,p1l 1 -

g ,p1l

D

2 (a) Fast Convergence. Investigate quadratic convergence at the simpleroot p = -z, using the
startingvalue p, = -z.6 and p; = -2.4

First, do the iteration one step at atime.

Notice that convergence is fast and the sequence is converging to the simpleroot n = -z

py = -Z.6000000000000000,  f£lps] = -7.776
py = -2.4000000000000000, f£lpi] = -4.623999999999999

p; = -2.1065989547715740, flps] = -l.028782245156645

ps = -2.0226414123070680, f£[ps] = -0.206860L158187564

pg = -2.0015110973304850, f[ps] = -0.0Ll36135799156529

ps = -Z.0000225364637550, flps] = -0.00020253140116639253
pg = -Z.0000000226658160, flpg] = -2.041723500575101 % 107
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~3,0659919045045532 « 1071

pr = -Z.0000000000003410,  £[ps] =
ps = -2.0000000000000000,  £[ps] = O.
p o= -z
Ap = £3.40616x 107

£[r] = 0.

At thesimpleroot p = -z, the order of convergence is known to be E . We can explore the
| Exeqr | :

ratio e for k sufficiently large.

CIEx 77 T

| Egeqr |
K py Ex=D-Px E
(1Ex |) 2

0 -2.6 0.6 0.914152831045763
1 -2.4 0.4 0.469497763508524
2 -2.l10659595477157 0.106598954771574 0.847290025710246
3 -2.02264141230707 0.0226414123070677 0.6936058598604554
4 -2.00151109733049 0.00151109733048571 0.82582275936615
5 -Z.00002253645376 0.0000225364837556056 0. 749795034971521
£ -2.000000022665682 2. 26858163365762% 107" 0.794965297614188
7 -2.00000000000034 3.40172334745148 % 107

2 (b) Slow Convergence. Investigate linear convergence at the doubleroot n = 1, using the starting
vaue py=1.4 and p; = 1.2

First, do the iteration one step at atime.

Notice that convergence is slow, but the sequence is converging to the doubleroot p =1

py = 1.4000000000000000,  £[ps] = 0.544

py = 1.2000000000000000,  f£[py] = 0.1250000000000001

p: = 1.1384615384615380, f[p:] = 0.06016932180245793
ps = 1.0838737384582350, f£[p:] = 0.021694447319935009
pg = 1.0530938550301460, f[ps] = 0.00560654164364627
ps = 1.0328531568571410, f[ps] = 0.0032734491414535444
pe = 1.0204294278425750, f[pg] = 0.001Z60611023022662
pe = 1.01264862838536450, flpe] = 0.0004819870261905113
p: = 1.0078321259282200, flp;] = 0.0001845070294745599
pg = 1.0048447702393720, flpg] = 0.0000705291114886375
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prg = l.0029962056563540, £lp] = 0.00002695564266775772
pp; = L.0018524311354370, f£[pyy] = 0.000010300585995390451
pp: = 1.0011451424556020, £[pgs] = 5.935555414669167 107"
pr: = L.00070783835231680, £lpis] = Ll.503460050900074s 107"
prs = 1.0004375079782810, £lpre] = 5.743234351405671 s 107
pis = 1.0002704097628860, £lpis] = 2.193840922259955s 107
pig = l.0001671282002210,  £lpi] = &.35001743552752 5107
pro = 1.0001032931001970,  £[pge] = 3.200949572068623 s 107"
p1; = L.0000638394577910, £[pys] = Ll.222670054090713 s 107
prg = 1.0000394552943670,  £lpra] = 4.670222205957553 107
psg = 1.0000243545347350,  £lpss] = l.783875047678407 « 107
p;1 = Ll.0000L50707032740,  £lps] = 6.513818395399007 « 107"
py: = L.0000093142233370,  £ps:] = 2.60265142770777: 107"
pys = 1.0000057565133660,  £[pss] = 9.94122562048005: 10~
pye = 1.0000035577342050,  £pss] = 5.797251402204435: 1070
pye = 1.0000021957901450,  £lpss] = 1.450395559370305: 107
psg = 1.0000013589405250,  £lpsg] = 5.540456952089561 « 1078
pyp = 1.0000008395182570,  £lpsr] = 2.1l5863040330623 % 107
pys = 1.00000051905819480,  £[pss] = 5.08020317322189: 107
pyg = 1.0000003209224530,  £[psg] = 3.090860900556436s 107
pap = 1.0000001981641000,  £[psy] = Ll.176836406L02666: 107
p = 1.0000001981641
Ap = +1.22758x% 107"
flp] = l.176536406102666 = 107

Real roots can also be found symbolically.
Elx] = (-1+x)1° (2 +%)

W= -2
=1

=1
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Example 3. Fast Convergence Findthesolutionto zExp[x]-4Co=[x] = 0.
Use the Secant Method and the starting approximations p, = 1.0 and p; =0.9.
Solution 3.

E[x] = 3e"-4Cos[x]

Elpk] Pk - Pr-1)
Elpe] - £lpeal

Prel = O[Px Pr1] = b -

pe = 1.0000000000000000,  £[ps] = 5.993636261904577
py = 0.9000000000000000,  £[pp] = 4.892369460358192
p; = 0.4557507541651453,  f£[p:] = 1.140348050550424
p: = 0.3207305327599215, f[p.] = 0.3353810520017154
pe = 0.2637602526350550,  f[ps] = 0.0437823135992921
ps = 0.2552935134242091, fps] = 0.002164466447200051
pe = 0.2548531741452456, flpg] = 0.00001519933117366534
pe = 0.2548500601244337, f£lpe] = 5.345576425952459 5 107
p; = 0.2548500590288531, f[ps] = l.332267629550188 107
py = 0.2548500590288503, flpg] = 4.440592098500626 « 10~
£[x] = 3e"-4Cos[x]

p = 0.2548500590288503

Ap = #2.72005 s 107
flp] = 4.440892095500626 5 10°F
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Example 4. NON Convergence, Diverging to Infinity Find the solutionto =xe™ = 0.
Use the Secant Method and the starting approximations p, = 1.5 and p; =2.0.
Solution 4.

JIC

f[x] = X

Elpk] Pk - Pr-1)
Elpe] - £lpeal

Prel = O[Px Pr1] = b -

pe = 1.5000000000000000, f£lpy] = 0.3346952402226445

py = 2.0000000000000000,  f£[pp] = 0.2706705664732254

p; = 4.1137988733263970, f£[p:] = 0.06724235336055466

p: = 4.8125063367527000, f£[ps] = 0.03911347194100026

ps = 5.7840655507285130, f£[ps] = 0.017792846977682

ps = 6.5948675617902740, flps] = 0.00901761080551523

pe = 7.4280641347491580, f£pg] = 0.004414773021052734

pe = B.2272175969786900, f£lpe] = 0.00Z19896225174766

p; = 9.0202945008851600, f[ps;] = 0.00l090828755955443

ps = 9.5009866463165600, f[ps] = 0.0005429444270753301

pro = 10.5746397772280500,  £pu] = 0.0002702451314765831
pu = 11.3413305974637500,  flpn] = 0.0001346439343778476
pr: = 12.1026086440264300,  £[p] = 0.00006710932014891208
pr: = 12.8590927959190900, £[pp:] = 0.00003346395639037461
Prs = 13.6114981808615900, £[pre] = 0.00001669196165180826
pis = 14.3603132155530000, £pis] = 6.32835299700422 % 107"
pig = 15.1059717199630000, £lp] = 4.156315487897552 % 107"

£[x] = e x
p = 15.105971719963
Ap = x0.745659
Flp] = 4.156315487697552 107"
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O.dr
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