Fixed Point Iteration

1. Fixed Point Iteration

A fundamental principle in computer scienceisiteration. Asthe name suggests, aprocessis repeated
until an answer is achieved. Iterative techniques are used to find roots of equations, solutions of linear
and nonlinear systems of equations, and solutions of differential equations.

A rule or function g (x) for computing successive terms is needed, together with a starting value
py - 1hen asequence of values {p,, 1 isobtained using theiterativerule py,; = o (py) . The sequence
has the pattern

P (starting value)

P1=9 ()
P =0 (P1)

Pr = (Py_1)

Pral = (Py)

What can we learn from an unending sequence of numbers? If the numbers tend to alimit, we suspect
that it isthe answer.

Definition (FixedPoint). A fixed point of afunction ¢ (%) isanumber p suchthat = o (1) .

A fixed point isnot aroot of the equation o= g (%3, itisasolution of the equation
X=0(x).

Geometrically, the fixed points of afunction g (%1 arethe point(s) of intersection of the curve
v=q (x) andtheline -=x.
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Fixed Point Iteration

(P egFal

F=g(F)

Theorem (Fixed Point Theorem). Assume that the following hypothesis hold true.

(@ r isafixed point of afunction g,

(0) g, g'eCla, b],

(c) & isapositive constant,

(d) pyera, b,and

(€ wexyea, b foral xea, by,

Then we have the following conclusions.

(). If therange of the mapping v = g (x) satisfies v e [a, b] foradl xe [a, b],then g hasafixed

pointin [a, b] .

. If jgrm=| =sK=<1 foral =xe[a,b], thentheiteration p, =g (p,_11 Will convergeto the
unique fixed point r e (a, b1 . Inthiscase, r issaid to be an attractive fixed point.

@i). If jgr=1| =1 fordl =e [a, ], thentheiteration p,, = g ip,,.11 Will not converge to

P

Inthiscase, r issaid to be arepelling fixed point and the iteration exhibits local divergence.

Corollary. Assumethat g satisfies hypothesis (a)-(e) of the previoustheorem. Bounds for the error
involved whenusing p,, toapproximate r aregiven by
|P -pn| = E" | P - ng| for n=1,
and
E"

1-K

= for n=1.

| P - p, 1 - Do

Graphical Interpretation of Fixed-point |teration
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Fixed Point Iteration

Since we seek afixed point p to o %), itisnecessary that the graph of thecurve + = g (x) andthe
line = intersect at the point (F, P .
The following animations illustrate two types iteration: monotone and oscillating.

Algorithm (Fixed Point Iteration). To find asolution to the equation = = g (%) by starting with p,
and iterating p,, = g (pn1) -

Y
Example 1. Usefixed point iteration to find the fixed point(s) for the function o (x) = 1 +x - % :

Solution 1.

Example 2. Convergence: Monotone Decreasing Find thesolutionto x = g[x] = % + — . Use
the starting approximation p, = 1.95
Solution 2.
i
Example 3. Divergence: Spiral Findthesolutionto = = g[x] = -% - % +4. Usethe starting

approximation p, = 1.97
Solution 3.
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FFixed Point Iteration

3
Example 1. Usefixed point iteration to find the fixed point(s) for thefunction o (%) = L+x - % .

Solution 1.
Plot the function and determine graphically that there are two solutions to the equation = = o %1 .

3

2

£
X
The function i=s g[=] = l+}c—?

Use fixed point iteration to find a numerical approximation.
First, do the iteration one step at atime. Type each of the following commands in a separate cell and execute them one at a
time.

Po=3.0
P1=9lpol

Pz =glp1]
l.66667

ps =gp:1
1.74074

Ps =glps]
1.73068

Ps =glp:]
1.732268

The di stinguishing property for determ ning convergence is the size

of Jag'[pll.

If p, iSs near the fixed point p and |g'[p]|] =1 then the iteration will converge
to p.

If p, is near the fixed point p and |g'[p]|] =1 then the iteration will not
conver ge

to p.
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FFixed Point Iteration

The function is g[x] =l+:.:_x_
. . . 2
The derivatiwve is g'[x] = 1- —
2
g VIl = 1- —
k]
2
lg' (V311 = -1+
3
lg' [+31] = 0.154701
2
';T'[—’\"?] =14+
3
2
lg' [-¥31] = 1+
3
lg' [-¥31] = 2.1547

|f p,is near the fixed point p-+3 and |g'[x]| <=1 in the neighborhood, then the
iteration wll

converge to p=+3.
If p, is near the fixed point p-_+3 and |g'[x]| =1 in the neighborhood, then the
iteration
will not converge to p=_+3.
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Fixed Point Iteration

E
Example 2. Convergence: Monotone Decreasing Find the solutionto = = g[x] = % + % Use

the starting approximation p, = 1.95

Solution 2.
Po = 1.850000000000000
o=  1.925625000000000
p: = 1.839320410156250
p: = 1.837765500733910
Pe = 1.763228259295990
pg = 1.658857603242980
pg = 1.5173809355580760
Py = 1.334301697452430
ps = 1.112241103717340
Pa = 0.865390620053263
Pag = 0.619920541350333
Pp = 0.4060356d0072193
Py = 0.244234055285306
Py = 0.1370Z29596034736
g = 0.0732090755335155
s = 0.0379444299533535396
g = 0.01933215993353649
Pip = 0.009759513065750
b1z = 0.0049035685558210
Pi1g = 0.002457725525256
Peg = 0.001230407952339
pz1 = 0.000615582452102
Py = 0.0003073585961490
Piz = 0.000153966679156
Pze = 0.000076359266025
pzr = 0.000035496114551
pig = 0.0000192453427913
Pip = 9, 624306582002880 = 10~°
Pig = 4,812176447820730 % 10~°
Pia = 2, 406094013170910 % 10~°
Pap = 1. 203048453907550 % 10"
3
The function iz g[x] = g-+.%I
p = 1.203048453907550 % 10~
g[p] = 6.0L52458587851730 % 107
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Fixed Point Iteration

3]
5
g
2
z
1
1 E 2 3
g[0] = 0
'[EI]-l
? -
Since |g'mx1| =1 for
al | e (-3,11, ¢the iteration op,=gip,21 WIIl converge to the
fixed
point p=0. Inthis case, p=-0o 1is said to be an attractive
fixed point.
[x] 1 x
"[=x] = — +—
: z 2
golve -1 <« g'[x] = 1
et -32x =l
g[2] = 2
'[2]-3
? oz

Since | g x1| -1 foral =e (1,1, thentheiteration p, = o (p,,11 Will not converge to
p=2. Inthiscase, p -z issaidtobearepelling fixed point and the iteration exhibits local
divergence.

(%] 1 x
g'[=x] = — + —
a 2

Jolve g'[x] = 1
et x=1
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Fixed Point Iteration

2-:2 =

Example 3. Divergence: Spiral Findthesolutionto = = g[x] = iy +4. Usethe starting

approximation p, = 1.97

Solution 3.
pp = 1.970000000000000
1 = 2.044775000000000
p: = 1.932336299543750
p; = 2.100350956154670
Py = 1.846955957167710
Ps = 2.223710401752480
pg = 1.651922811359860
pr = 2.491526350647300
ps = 1.201787184231280
s = 3.038033298838720

Pra = 0.173571769367422
Py = 3.905652325535960
P1: = -l.766429769765960
pr: = 4.103146352002970
P1s = -Z.260525672490310
Pz = 3.852768757248210
p1g = -l.637341152631090
prr = 4. 145449065726990
P1s = -2.376631940447820
Pra = 3.776221125134720
Pin = -1.453072059045790

The function is g[x] = 4- — - —

-1.453072059045790
4. 1956581427 323000

D
g[p]
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Fixed Point Iteration

3
2l
|
1}
1 Z 2 3
-1
-zl
g[z] = 2

[£] ’

' = -

a

Since |g'x1| =1 foral =e 1, =1, thentheiteration p, = g ip,11 Will not converge to
p=2. Inthiscase, p =z issaidtobearepelling fixed point and the iteration exhibits local
divergence.

(%] 1 x
g'[x] = -— - —

& 2
Jolve g'[x] = -1
et x=1
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